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MULTIPARAMETER MARCINKIEWICZ
INTEGRALS AND A RESONANCE THEOREM
Shuichi Sato
 Introduction
We shall prove the pointwise relations between some multiparameter square functions
on R
n









multiparameter Marcinkiewicz integrals To show the weak type estimate we shall also
prove a resonance theorem on Orlicz spaces
We rst recall oneparameter square functions considered in Sunouchi 	
 		 For
f  SR the Schwartz space the generalized Marcinkiewicz integral 









































fx  fx  u  fx u


























x The square function 
 
coincides with the ordinary
Marcinkiewicz integral  see 



































dx be the Fourier transform The square functions h

f
   and D

f     










































































is the Riesz potential
Then the following results are known see 	
 x	 Theorems 
 and 	 of 		 and also










fx    that
















































Theorem B 		 If   






where H denotes the Hilbert transform 
d
Hf   i sgn







Theorem C 		 If   







In this note we consider the multiparameter analogues of the above square functions
Let   
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tensor product t 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Put   
 			 
 Then we note that  is the multiparameter analogue of the ordinary




















































   dy
n

Let f  SR
n
 We shall prove the multiparameter analogues of Theorems A B and C
Theorem  If

f the ndimensional Fourier transform is supported in D






  i  






fx for all   
 





Theorem  Let   
 
     
n
   
 
     
n
 Suppose that 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H 	    	Hfx  

fx
Theorem  Let  and  be multiindices as in Theorem  If   





 i  
 	     n then
h

H 	    	Hfx  D

fx
We shall use Theorems 

















denotes the Hardy space on the product








 p  and 
i
 
	 for i 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 p  and 
i
  for i  




















In the proof of Theorem 	b we shall use the following see 		 and 	 for the
onevariable case
Theorem 	 For all   
 












Remark  For   
 

































 f  S Then the proof of Theorem 
 below and a change of variables
imply that the conclusion of Theorem 
 still holds for f


 for all 








in this note for 

   
i
 
 has an analogue for D

see 		 




Remark  In the oneparameter case of Theorem  we have in fact the weak type
estimates at the endpoints  p  
 part 
 and p  		








be as in Remark














































see   	













	 and arguing as in the proof of part 
 we get the conclusion







see   	
This completes the proof of Theorem 
It is known that the oneparameter operator 
 




extend this to the multiparameter case as follows
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Theorem 
 If jf jlog	  jf j
n  
is integrable over R
n
 then for   
 






	 i  





















for all    where C

is independent of f and 
See  for the weak type estimates of the CalderonZygmund type operators in the
twoparameter case
To prove Theorem  we shall require a resonance theorem on the weak type boundedness
of sublinear operators Theorem  in x which is a generalization to Orlicz spaces of part
of  Chap VI Corollary 	 see also 
 

We also need to consider vectorvalued Marcinkiewicz integrals Let A be a separable





   p  denote the space of measurable functions f on
R
n















where j  j
A
denotes the norm of A
Let f be an Avalued measurable function on R
n














































y dy is dened by the Bochner integral
see 	
We conne ourselves to the oneparameter case and prove a vectorvalued version of
Theorem 	a for n  
 Let f  L
 
A
R We say that f  H
p
A
































Corollary If 		 


































R then it is easy
to see that the vectorvalued analogues of Theorems 
 and 	 hold for f  We also have the
vectorvalued analogue of Remark 
 Using these facts and arguing as in the scalarvalued
case above via the wellknown vectorvalued theory of Hardy spaces we get the conclusion
of the corollary for such f  with the constants C
p
independent of N  The general case
under consideration follows from a limiting argument
The proof of Theorem  will be given in x by using the corollary and Theorem  we
note that Theorem  for n  
 follows from Theorem 	a for n  
 and  Theorem
 The proofs of Theorems 
 	  and  are similar to those of the coresponding
results in the oneparameter case 	
 		 but in this note we shall give essentially
selfcontained proofs for completeness
 SHUICHI SATO
 Proof of Theorem 
For   
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 for the notation We use the following




































































































 	i Then if
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and integrating them over D

with
respect to the measure dt we get the conclusion
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 Proof of Theorem 
Fix x

and put u  
u

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 x































































































































































































































































Proof By a change of variables and a wellknown relation between the gamma functions


























































The following estimates for the gamma functions are useful







as jyj  










 as juj   
Ojuj as juj  
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uniformly in u   
 see 	 p 

  p 



























































   	i  
 	i  

   	i  

sin
   	i  

	


























































where we have used wellknown formulae for the functions z and sin z This proves the
conclusion for   
 Now by analytic continuation we see that it is valid for all   
This completes the proof of Lemma 
By 














































































 as jxj   for
all 
i

























Hence by 	 and the Plancherel theorem we get
 h













































































By    and  we get the conclusion of Theorem 	
 Proof of Theorem 



















Lemma 	 Let f  SR and     










fx  y  fx yk

ytdy
This can be proved by calculating the Fourier transform of jj
 
see for example 	
Chap IV
Lemma 
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sin	 sin	t d  Oj
  tj
  
 uniformly in S





























































 uniformly in R
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Using the relation 	 in 
 and applying the dominated convergence theorem again
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  
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 sin

i   	  	








where we have used the formulae in 	 p 















































































Comparing this with  we get the conclusion
 Proof of Theorem 
We use the same notation as in x As in the onevariable case see 		 we see that
x
 









































































































































































































































































By   
 and 	 we get the conclusion
 Resonance theorems for sublinear operators on Orlicz spaces
Let  be a nonnegative continuous function on  such that

  is increasing on  and   
	 t
 
 is a concave function of t on 
 there exists a nonnegative function b   
 such that lim

b   and

  





Remark 	 It is easy to see that the conditions 
 and 	 imply that 	t  t see

 Functions t  tlog	  t
a
 a   and t  t
p
   p  	 satisfy the
conditions 




t   
 and
so the condition  is satised
Let X and Y  be measure spaces We assume that the space Y  is nite
Let L






jf j d   We note that if f  g  L

X then f  g  L

X and f  L

X
for any scalar  If t  tlog	 t
a
a   then the space L





Let T be an operator from L

X into the space of measurable functions on Y  We
assume that T is sublinear that is
jT f  gj  jT fj jT gj jT fj  jjjT fj
for all f  g  L

X and all scalars  Furthermore we assume that T is continuous in
measure in the following sense 
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for any E  Y  of nite measure there exists a nonnegative function C
E









  fx  E  jTfxj  g  C
E




Then we have the following











dx   
for all f  L

X
This is a generalization of part of  Chap VI Corollary 	
To prove Theorem  we prepare some lemmas
Lemma  Let ff
j














g denotes the Rademacher functions Then

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jft   
  jTg
t
xj  gj dx   
for all measurable subsets E of Y 
For the proof see  p
Lemma  Let fr
j

























    tending to  as  for which the following holds  if ff
j
g is a
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to get the last inequality































j d  
 Using Lemma  and these
facts we see that

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jft   
  jTg
t









































for   
 This completes the proof of Lemma 
Lemma  Let E be a subset of Y of nite measure For any    there exist a set
E

 E and a positive number R E such that E nE

   and
 fx  E









dx   
for all f  L

X
Proof We assume as we may that E  
 Given    take R







   see Lemma  Suppose there exists a subset F of E such that
y we can nd f  L

X and    for which the following holds 














If there exists no such F  then we have the conclusion of Lemma 

Let F be the collection of all countable families of disjoint measurable subsets F of E













g Then by Zorn s lemma there exists a
maximal element fM
j










  satisfying the relations 
 and 	 with
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M
j
 f  f
j
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 E n S We shall see that
 fx  E












for all    and all f  L











































 in place of F  f and 
respectively satisfy 
 and 	 This contradicts the maximality of fM
j
g Thus our
assertion follows This completes the proof of Lemma 








  the niteness
Let R E
j





be as in Lemma 
 Put R E
j




 E j We take M j  
 satisfying
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This completes the proof of Theorem 
We suppose that X  Y  R
n
and   are the Lebesgue measure In addition to the
continuity in measure see 
 we assume that a sublinear operator T is translation













Tf  T d
r
f for all r  
respectively where 
h
fx  fx   h d
r
fx  frx Then using Theorem  we can
prove the following
Theorem  There exists a positive constant A such that
jfx  R
n









dx   





The proof is similar to that of Corollary 	 of  Chap VI
	 Proof of Theorem 
We prove Theorem  by an argument involving induction on the dimension For this we
need to consider vectorvalued Marcinkiewicz integrals Let m be a positive integer
Proposition P m Let f be a measurable function on R
m
with values in a separable
Hilbert space A Suppose that jf j
A




is integrable over R
m
 Let E be a
compact set in R
m
 Then if   
 


































for all    where 
A

is dened as in x and C
E
is independent of f and 
Let n  	 Assuming the proposition P m for all m with 
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 be the space of measurable functions g on R with
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acting on the vectorvalued function k
x
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and hence for    by Jensen s inequality we have
jkxj
K

































































is a probability measure for some c

  Thus





























 for the denitions of the spaces of vectorvalued functions to the space of
measurable functions on R  here the subadditivity means




Then we have the following
Lemma  Let   p  



























Then for all   






















for f  L
 
A





In the scalarvalued case this follows from  Theorem  The proof given there
easily extends to the vector valued setting under consideration
Lemma  Suppose that T is an operator from L
 
A
R to the space of measurable func
tions satisfying the estimate  Then if jf j
A




     is integrable
over R we have
Z
B


















where B is a compact set in R
Proof We note that if jf j
A




is integrable over R then
 log	  

jfx  B  jTfxj  gj   as 
















































The right hand side also tends to  as    By  these observations imply our
assertion
Consequently we easily see that
Z
B
























jfx  B  jTfxj  gj d
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jfx  B  jTfxj  gj d  log 

jBj
by    and  we get the conclusion This completes the proof of Lemma

	
By Corollary in x
 the sublinear operator 
A
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bounded we can apply Lemma
























































Let k  R
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Let E be as in  We shall prove
jfx  E  "
A



























is of weak type 
 
 Therefore using Fubini s theorem we get
jfx  E  "
A













for some compact set B determined by E Estimating the right hand side by the repeated
applications of the similar arguments using Lemma 
	 with    
     n  	 we get the
desired inequality
Collecting the results we get for any compact set E
jfx  E  
A















This proves the proposition P n under the induction hypothesis Since the proposition
P 
 follows from Corollary and Lemma 

 the proposition P n has been proved for all
n





	 is obviously invariant under translation and





 considered in x see 
 follows Therefore we can apply







	 to get Theorem 
Finally we remark that the argument used in the proof of Theorem  would also apply
to the proofs of weak type estimates for a wider class of multiparameter operators
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